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We here present an approach to the calculation
of tunnelling currents between two ruetals that is
sufficiently general to deal with the case when both
metals are superconducting. In that case new ef~-
fects are predicted, due to the possibility that slec~
tron pairs may tunnel through the barrier leaving
the quasi-particle distribution unchanged.

Gur procequre, following that of Cohen et al, 1),
is fo treat the term in the Hamiltonian which trans-
fers electrons across the barrier as a perturbation.
We assume that in {he absence of the transfer term
there exist quasi-particle operators of definite
energies, whose corresponding nuniber operators
are constant,

A difficulty, due to the fact that we have a sys-~
tem containing two disjoint superconducting re~
gions, arises if we try to describe quasi-particles
by the usual Bogoliubov operators 2), This is be-
cause states defined as eigenfunctions of the Bogo-
Hubov quasi-particle nmber operators contain
phase~coherent superpositions of states with the
same total number of electrons but different num-~
bers in the two regions. However, if the regions
are independent these states must be capable of
superposition with arbitrary phases, On switching-
or the transfer term the particular phases chosen
will affact the prndicted tunnelling current, This
behaviour is of fundamental importance to the ar-
gurr: it that follows, The neglect, in the quasi~
pauele approximation, of the collective excitations
of zero energy ©/ results in an unphysieal restric~
tion in the fres choice of phasss, but may be avoid-
ed by working with the projected states with definite
numbers of electrons an both sides of th. harrier.
Corresponding to these projections we use opera-
tors which alter the nwabers of electrons on the
two sides by definite pumbers *#, In particular,
corresponding to the Dogoliubov operators of, we
use quasi-partizle creation operators vgp, iz
which vespectively add or remove an electron from
the game Side as 3> ~ quasi-particle and leave the

* Work supported by Trinity College, Cainbridge, and the
Department of Scientific and Industrial Research.,
** We shall use subscripts [ and 7 to distinguish opers~
tors on the two sides, and k to denote an operator re~
ferring {o cither side.

numhber on the other side unchanged, and pair crea~
tion operators Sp ' which add a pair of electrons on
one side leaving the quasi-particle distribution un~
changed. The Hermitean conjugate degtruction
operators have similar definitions. The S cpera~-
tors, referring to macroscopically occupied states,
may be treated as tine dependent c-numbers 17,
and ‘we normalise them to have unit amplitude. Pe-
lations expreseing electron operators in terms of
quasi~particle operalors, equai~-time anticomouta~-
tion relations and numaber operator relations may
be derived from those of the Bogoliubov theory by
requiring both sides of the equations to have the
same effect on Ny and Ny, the numbers of electrons
on the two sides of the barrier, For example,

+ + ) + "
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Zek Chk = Op Mg -
Hoting that the Bogolubov Hamiltonian is H ~ AN
(x = chemical potential), we take cur unperturbed
Hamiltonian to be

Ho=gnkEk~:—xlN;+k,’N¢,

where Ep is the quasi-particle energy in the Bogo-
Hubov thed vy, and derive the commutation rela-
tions

[Hosegh) = (B + Ag) g »
[HO'Q?I'k] = (Ek - }‘k) a;k i {2)
[Ho\SH] = 2 3 Sy -
In the presence of ‘tdnnelling the Hamiltoniarn is

Hy, + Hyp, where Hr expressed in eleciron opera~
wrs is

+ These are equivalent to the operaiors which change IN)
to IN + 2) in the theory of Gor'kev 4.

+1 Cf. NN, Bogoliubov et al. 9), The phase of an-S opere~
tor is related to the orientation of the pline contalning
the pseudospin operators a3, Phyaical observabien
cannot depend on the phase of a single S operator, bat
they can depend on the voiative phagses of the S vpera~
tors associated with two superconducting regions, ag
in the phenomena dealt with here.

251:



Yeiume 1, number 7

PHYSICS LETTERS

1 July 1962

ZZ;' (T a”{ ay+ Typ a';; ap .

I we describe the time dapendence of operators by
‘the interaction picture 8), equations (2) imply that
the ¢ and § operators have exponential time depend-
ence, ‘The current operator in the Heisenberg pic-
ture is related to that in the interaction picture
‘according to ’

T) = UY(8) Jypglt) U
where

2
U = Bm 0T exp (- 1/ f est! it 6t} .

a0

Here Hop is expressed in the interaction picture and
Uit):can be evaluated by writing Hpin terms of
auasi-particle operators and using the method of
Geldstone 8), We also express
Juntles = te/n (Hp, Ny H

in terms of quasi~particle operators, and by re-
taining only those terras in Jy{t) which can be ex~

. pressed in accordance with (1) as products of § and
numter operators obtain au exprassion equivalent
to the usual one, of the form

dg=do+3Jy 578, +5 4185 5. (3)

To secend order in Hy, J,; is similar {o the expres-
sion of Cohen et al, 1}, and reduces for the same
reasons to the usual one obtained by neglecting co-
herence factors. The remaining terms oscillate
with frequency v = 2¢V/k {V = &; - A, being the ap=-
plied voltage), owing to the time dependence of the
£ gperators, J; is proportional {0 the effective ma-
irix element for the transter of glectron puirs
across the barrier without affecting the guasi-
pariicle distribation, and typical terme are of the
form

2iewgvpuy uy Ty Ty, [(1 -9y - 2254}
i , o
x {P ml— msleV - By - B3}

- (}tb - um) {PFmi}'—gT* wseV + By - E,}.)ﬂ
4}

where & denotes the state patved with k. The sec~

ond and fourth terms result from procesaes nvolv-

ing rezl intermediate states, and can be regarded

as fluctuafions in the normal current due to coher-

eace effcets. We note that the fivst term remains

" finite at Zero temperature and zero applied voltage.

From (3) our thoary predicts that

(i} At finite voltages the usual DC current occurs,
but there 1s 180 an AC supercurrent of ampli-
tude |Jy| and frequency 2 eV/k |1 uV corre-
sponds to 453.8 Me/s),

%2

(i1} at zero voltag. ', Jg 18 gero, but 2 DC guper-
current of =113 1 maximum of [J3] caa oceur,

Applied r... ;248 can be tr2ated by noting that
the oscillations in ¥ frequency~-modulate the super~
current, Thus if a DC voltage V on which js super-
imposed an AC vcitage of frequency v 18 upplied
across the barricr, the current has Fourier com-
ponents at fre 1encies 2eV/hiny, wheren is an in
teger. ¥ for some n, 2eV/h = ny, the supercurrent
has a DC component dependent on the magnitude
and phase of the AC voltage. Hence the DC charac~
teristic has a zero slope resisiance part over a
range of current dependent on the magnitude of the
AC voltage,

Equivalent quantum~mechanical explanations of
these effects can be given., For example (1) is due
to the transfer of an electron pair across the bar-
rier with photon emission, leaving the quasgi-par-
ticle distribution unchanged. Consequently the
photon frequency is not broadened by the finite
quasi-particle lifetires occurring in real guper-~
conductors. (i1} is due fo pair transfer without
photon emission, The linear dependence of the
current on the matrix element is due to the fact
that the process invalves macroscopically oncupied
states between which phase relationships can oc-
cur.

‘The possibility of obssrving these effects de~
pends on the value of |J/;]. At low temperatures
and voltages the first term of {4} dominates, and
in the presence of time~-reversal symmetry all
contributions to it are in phase. |Jy! is then egual
to the current flowing in the normal state at an ap-
plied voiiage equal o n times the energy gap, as-
sumed to be the same on both sides. At higher
temperatures the third term reduces /|, and at
high frequencies the sffects are reduced by the

‘capacitance across the barreer. Magnetic fields,

2nd currents in the fils desiray the time~reversal
symmetry and reduce |J1|. The effects may be
taken info account approximately by replacing {3)
by

Fedgriigil il
where j is the tunnelling current density, and y1, ¥,
the effective superconducting wave functions 7) in
the films on the two stdes. This formula predicts
that in very weak Zields diamagaetic currents will
sereen the gield from the space between the Films,
but with a lazge penetra’ion depth owing to the
smallness of iy, in larger fields, owing to the
existence of a critical current density, screening
will not occur; the phases of the supercurrenis
will vary rapidly cver the barrier,. causing the
snaxivoum total supercurrent to drop off rapidly
with increasiag field. Anderson 8) has susgested
that the absence of tunnelling supercurrents in
must experiments hitherto performed may be duce
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o the earih's field acting in this way, Cancellation
of supercurrents would start to occur when the
amount of flux between the films, including that in
the penetration regions, became of the order of 2
quantum of flux kc/2e. This would oceur for typi~
cal films in a field of about 0.1 gauss, Such a field
would not be appreciably excluded by the critical
currents obtainable in specimens of all but the
highest conductivity.

When two superconducting regions are separated
by a thin normal region, effects similar to those
considered here should oecur and may be relevant
to the theory of the intermediate state,

Yam indebted to Dr. P. W. Anderson and Prof.
A. B. Pippard for stimulating discussions,
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‘The imporiance of the investigation of the ana~
Iytical properties of the scattering amplitude as
function of the angular momentam 1} has become
clear off late. For high energies the expansion of
the amplitude in tires~dimensional spherical fupc~
tions can be used effectively in those cages when
the r omenvam transfer in the scattering channel
and consequently the energy in the annihijation
channel i8 small «™%, H the momentum transfer
is comparable with energy the study of the asymp~
totic behaviour of amplitudes with the aid of the
above expansion becones rather difficull. This
raiges the fguestion of “he expansion of the ampli~
tude in the proper functions of the four-diensional
angular momentum oy, ic be more specific, in the
irredueible representations of the Lorentz homo-
Zeneons group.

For siraplicity we consider here the scattering
amyplitude of zero spin particles with equal mag-
ses x, 'The generalization to the case of particles
with sping and different masses does not involve
any difficulties.

From the existence of the dspersion relations
with respect to the riomenturs trangfer for the
secattering amplitude (¢, s) (¢, ¢ belng the usual
Mandelstam variables} followe the convergence (at

any fixed S) of the invariant integral

(e, sy 12 g3

N:f-a(——i) M«:w, >0, nzd, (1)
(-am| * ,

where § and ¢ are the momentum and energy of the

scattered particle. ¥ we introduce, having desig-
nated by #° and p the four momenta of the incident
and scattered particles, the "cosine™ Z -

@)

) x
the integral (1) can be rewritten in the form

N= 4ﬁx2f fes)F e 1dz, (1a)
1

where
12,5 = 5%, @

% should be noted that sinee d3/%2¢ 1s the unit
sphere surface element, then, regarding p° as
fixed, we can consider eq. {1) ag an integral over
tie surface of the four-dimensional sphere-of the
function of the 4-vector p. Thus our problem is
quite similar to finding the expansion of the scat-
tering amplitude in three-dimensional spherical
functions. K is known that in the latter case the
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